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Abstract—Large-scale distributed training increasingly spans
multiple datacenters due to limited local GPU availability and
growing regulatory and data-locality constraints. In these set-
tings, collective communication over wide-area networks (WANs)
often becomes a dominant performance bottleneck because
WAN links are bandwidth-limited, heterogeneous, and heavily
contended. A key but under-modeled property of widely used
collectives such as Ring-AllReduce is that their underlying unicast
transfers are not independently schedulable: they exhibit finish-
to-start dependencies within and across stages, forming sequential
chains of flows. Dependency-agnostic bandwidth allocation can
therefore waste capacity by allocating bandwidth to flows that
are not yet eligible to transmit.

In this paper, we revisit WAN bandwidth allocation for
distributed training through a dependency-aware lens. Assuming
communication routes are pre-determined, we formalize the
problem of minimizing the average completion time of multiple
concurrent collectives subject to link-capacity constraints and
flow-dependency constraints. Building on this formulation, we
propose a flow-dependency-aware allocation framework that
operates at the granularity of flows and dependency chains
(flow groups). Within the framework, we design (i) a non-
concurrent scheduling strategy that serializes conflicting flows
to improve effective utilization, (ii) concurrent rate- and weight-
based allocation schemes that are computationally efficient and
robust to WAN variability, and (iii) an integrated MultiRing
approach that combines inter-collective allocation with intra-
collective dependency-aware scheduling. Our extensive array of
experiments on Topology Zoo WAN topologies and emulation on
the Nextmini testbed show convincing evidence that, explicitly
accounting for flow dependencies consistently reduces average
collective completion time compared to common baselines (equal-
share, data-aware, and barrier-aware) and achieves comparable
or better performance than TE-CCL in our evaluated settings,
with modest optimization overhead.

I. INTRODUCTION

The rapid growth of deep learning models has made ef-
ficient distributed training a core requirement of modern
machine learning systems [1], [2]. While many production
training deployments historically assumed a single, well-
provisioned datacenter, this assumption is increasingly frag-
ile: GPU scarcity, cost, and operational constraints, together
with regulatory and data-locality requirements, often force
training workloads to span multiple geographically distributed
sites [3]. In such multi-datacenter settings, communication
performance becomes a primary scalability limiter. Compared
to within-datacenter interconnects such as InfiniBand [4],
inter-datacenter communication runs over wide-area networks
(WANs) that are typically bandwidth-limited, heterogeneous,
and subject to varying contention. As a result, collective

communication primitives can dominate end-to-end iteration
time and significantly reduce training throughput.

A large body of prior work improves collective communica-
tion by optimizing collective algorithms, execution schedules,
and topology selection, often at the library level [5], [6].
Complementary work adopts a networking perspective and
formulates scheduling and allocation problems using abstrac-
tions such as coflows or traffic engineering (TE), optimizing
objectives related to job or stage completion time under
capacity constraints [7]–[9]. These approaches have produced
substantial gains, but they commonly rely on coarse-grained
models of collective traffic: flows within a collective are often
treated as interchangeable, concurrently active units, or are ag-
gregated at the collective level. This abstraction can be overly
permissive for real collective implementations, particularly
in bandwidth-constrained WAN environments where small
modeling mismatches translate directly into wasted capacity.

In practice, many widely deployed collectives exhibit ex-
plicit execution-order constraints among their constituent
transfers. Ring-AllReduce, for example, decomposes gradient
aggregation into ReduceScatter and AllGather stages, each
realized as a set of unicast transfers arranged in a pipeline. The
pipeline induces finish-to-start dependencies: certain transfers
cannot begin until prerequisite transfers complete. These de-
pendencies form sequential chains of dependent flows, which
we refer to as flow groups. At any given moment, only the
ready (dependency-satisfied) flows can make progress, while
flows later in a dependency chain are effectively blocked.
A dependency-agnostic allocator that divides link capacity
across all flows on a path can therefore allocate bandwidth
to blocked flows, reducing the effective rate of the ready
flows and extending the end-to-end completion time of the
collective. This effect becomes more pronounced in WANs,
where bandwidth is scarce and sharing decisions have a first-
order impact on completion time.

Motivated by this gap, we revisit bandwidth allocation for
distributed training from a flow-dependency-aware perspective.
We focus on a practical and deployment-friendly setting in
which communication routes are already determined (e.g.,
by an overlay, a multipath routing mechanism, or a policy-
driven routing layer), and the remaining problem is to al-
locate bandwidth and transmission priority across multiple
concurrent collectives while respecting both link capacities
and flow dependencies. Within this setting, we formulate an
optimization objective that minimizes the average completion



time across concurrently running collectives under WAN ca-
pacity constraints and finish-to-start dependency constraints.
The formulation highlights that bandwidth contention pri-
marily occurs among flows that are simultaneously eligible
to transmit, i.e., among flow groups whose ready segments
overlap on shared links.

Building on this formulation, we develop a set of algorithms
that explore the trade-off between completion-time perfor-
mance and computational overhead. We first consider a non-
concurrent strategy that serializes mutually conflicting trans-
missions to avoid inefficient fractional sharing on constrained
links, serving both as a reference point and as a component
in more scalable designs. We then design concurrent alloca-
tion schemes that compute either per-flow rates or per-group
weights; the latter is particularly attractive in WAN settings
where available capacity can vary and proportional sharing is
easier to implement robustly. Finally, to handle multi-ring or
multi-collective scenarios at scale, we introduce an integrated
MultiRing approach that combines efficient inter-collective
allocation with dependency-aware intra-collective scheduling.

We evaluate our methods using both Python-based simu-
lations and real-world emulation on Nextmini [10], a new
Rust-powered network emulation and experimentation testbed.
Across these environments, our dependency-aware designs
reduce average collective completion time relative to stan-
dard baselines such as equal-share and size-/barrier-aware
heuristics, and achieve comparable or better performance than
TE-CCL [6] in our evaluated configurations, while main-
taining modest optimization overhead. These results suggest
that explicitly modeling intra-collective flow dependencies is
an important and largely orthogonal lever to routing-centric
collective optimization in WAN-based distributed training.

The original contributions in this paper are as follows. First,
we identify and model the finish-to-start dependency structure
inherent in practical collectives (e.g., Ring-AllReduce) and
introduce a flow-group abstraction that captures which flows
are mutually constrained from contending for bandwidth at
the same time. Second, under fixed communication routes, we
formulate a dependency-aware bandwidth allocation problem
that minimizes the average completion time of multiple con-
current collectives subject to link-capacity and dependency
constraints, and we develop both non-concurrent and con-
current algorithms (rate- and weight-based) within a unified
framework. Finally, through simulations on WAN-like topolo-
gies and emulation on the Nextmini testbed [10], we demon-
strate that dependency-aware allocation improves completion
time and utilization compared to common baselines, and is
competitive with TE-CCL [6] in the studied settings.

II. MOTIVATION

Collective communication is a central performance compo-
nent in distributed machine learning systems: at each training
iteration, workers must exchange and aggregate gradients (or
model states) efficiently. Among commonly used collectives,
Ring-AllReduce (RAR) is widely deployed in practice (e.g., via

NCCL) because it is simple, bandwidth-efficient in homoge-
neous settings, and admits a highly structured execution. RAR
proceeds in two sequential stages—ReduceScatter followed by
AllGather—and each stage decomposes into a set of unicast
transfers. Importantly, these unicast transfers are not freely
reorderable: the semantics of the collective induce finish-to-
start dependencies among flows both within a stage and across
stages. Fig. 1 illustrates this structure.
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Fig. 1. Ring-AllReduce consists of two stages: ReduceScatter and AllGather.
Each stage comprises multiple unicast flows with finish-to-start dependencies.
Dependencies may occur within a stage (e.g., F1→F2) or across stages (e.g.,
F2 → F3). Consecutive dependent flows form a flow group, highlighted by
distinct colors.

Why dependencies matter for bandwidth allocation. A key
observation is that dependency constraints partition the flows
of a collective into sequential chains. We refer to each such
chain as a flow group: within a flow group, at most one flow
can be active at a time, since a successor is blocked until its
predecessor completes. In contrast, different flow groups may
be simultaneously eligible to transmit and therefore constitute
the true sources of contention on shared links.

This structure is poorly captured by dependency-agnostic
allocation strategies that treat all flows as concurrently com-
peting whenever their paths overlap. Such strategies can waste
scarce bandwidth by allocating capacity to flows that are not
yet ready, effectively reducing the service rate of flows on
the critical dependency frontiers. This inefficiency is espe-
cially harmful in bandwidth-constrained wide-area networks
(WANs), where capacity is limited and contention is common.
Beyond routing: fixed paths, optimized transmission. Our
work is motivated by the practical setting in which routing
paths are determined by an existing mechanism (e.g., an
overlay, a policy-driven routing layer, or a multipath proto-
col), and the remaining problem is to decide how to share



bandwidth among the resulting set of dependent flows. In
other words, we consider a traffic-engineering (TE) problem
beyond routing: given pre-defined routes and flow depen-
dencies, compute a transmission plan that improves end-to-
end collective completion time under link-capacity constraints.
This focus is complementary to routing-centric optimizations
and is attractive for deployment because it does not require
redesigning underlying routing protocols.
Relevance and practicality in multi-datacenter training.
As training increasingly spans multiple datacenters, inter-
site communication runs over WAN links that are lower-
bandwidth, more heterogeneous, and more contended than
within-datacenter fabrics. In these environments, effective
bandwidth allocation can materially affect iteration time.
Moreover, distributed machine learning workloads typically
involve thousands of iterations with highly repetitive commu-
nication patterns: the same sets of participants, routes, and de-
pendency structures recur across iterations. Consequently, even
if a controller requires computation to produce a dependency-
aware plan, its output can be reused across many iterations,
amortizing overhead while providing sustained improvements.

Fig. 2. A bandwidth allocation example with four 9 MB flows transmitted
over 9 MB/s links. Collective 1 comprises flow group F1→F2→F3→F4

and Collective 2 comprises F5→F6.

A motivating example. Fig. 2 illustrates how ignoring de-
pendencies can lead to inefficient sharing. Two collectives run
concurrently. Collective 1 consists of the chain F1 → F2 →
F3 → F4, and Collective 2 consists of F5 → F6. Each flow
carries 9 MB of data, and each link has capacity 9 MB/s.

With equal (or size-proportional) per-flow allocation, each
physical link is split among all flows that traverse it, regardless
of whether they are currently eligible to transmit. For example,
if a link is shared by one ready flow (say, F1) and another
flow whose predecessor has not yet completed (say, F4), then
the allocator still reserves bandwidth for F4, even though F4

cannot begin. Under an equal split, the ready flow receives
only 9/3 = 3 MB/s and thus takes 9/3 = 3 s to complete.
The same inefficiency repeats after the dependency frontier
advances, yielding a completion time of 9 s for collective 1
and 5 s for collective 2 (and thus 7 s on average).

In contrast, a dependency-aware allocator reasons at the
flow-group level and prioritizes ready transmissions. In the first
phase, the ready flows at the heads of the two groups (here, F1

and F5) receive the full 9 MB/s on their respective bottlenecks

and complete in 9/9 = 1 s. Once they finish, their successors
(F2 and F6) become ready and similarly complete in another
1 s. The average collective completion time therefore drops
from 7 s to 3 s. This simple example highlights the central
motivation of this paper: when dependencies exist, allocating
bandwidth without regard to readiness can reduce effective
utilization and increase end-to-end completion time, whereas
dependency-aware allocation can translate scarce WAN band-
width into faster collective completion.

III. FLOW-DEPENDENCY-AWARE RATE ALLOCATION

This section formalizes dependency-aware bandwidth al-
location for wide-area collectives under fixed routing. We
begin with a continuous-time feasibility model (which clarifies
what it means to “respect” dependencies and link capaci-
ties), then derive three tractable formulations aligned with
our algorithms: a non-concurrent (scheduling) MILP, two
concurrent (allocation) programs, and an integrated two-level
MultiRing design. We end with a toy example that exposes
why dependency-agnostic flow-level constraints can be funda-
mentally mismatched to collective semantics.

A. Network Model, Flows, and Dependencies

We model the WAN as a directed graph G = (V, E). Each
link e ∈ E has a capacity Ce > 0 (bytes/s). A set of collectives
run concurrently:

K = {1, 2, . . . ,K}.

Collective k ∈ K decomposes into a set of flow groups Nk =
{1, 2, . . . , Nk}, where each flow group is a sequential chain
of finish-to-start dependent transfers, as motivated in Sec. II.

Flows. A flow in collective k and flow group n is denoted
by F k,n

i,j,o, representing a unicast transfer of size F k,n
i,j,o > 0

(bytes) from source node i to destination node j. The index
o indicates the flow’s dependency order within its chain. Let
Sk,n denote the index set of flows in group (k, n):

Sk,n := {(i, j, o) | F k,n
i,j,o is a flow in group (k, n)}.

Fixed routing. We assume each flow has a pre-determined
route (path) over links in E . We use an indicator Ik,ni,j,o(e) ∈
{0, 1} to denote whether link e lies on the path of flow F k,n

i,j,o.
Dependencies. Dependencies are represented by precedence

edges →:

F k,n
h,l,o′ → F k,n

i,j,o

⇒ F k,n
i,j,o starts only after F k,n

h,l,o′ completes.

In Ring-AllReduce, these dependencies largely form disjoint
chains. We exploit this by organizing flows into flow groups;
within each group, at most one flow is eligible to transmit
at any time, while different groups may be simultaneously
eligible and thus contend on shared WAN links.



B. A Continuous-Time View: What is a Feasible Execution?

Although our solvers use simplified variables, it is helpful
to state the underlying continuous-time feasibility conditions.

For each flow F k,n
i,j,o, let rk,ni,j,o(t) ≥ 0 be its instantaneous

sending rate at time t ≥ 0 (bytes/s). The sent volume by time
t is

∫ t

0
rk,ni,j,o(τ) dτ . The completion time is

Ck,n
i,j,o := inf

{
t ≥ 0

∣∣∣∣ ∫ t

0

rk,ni,j,o(τ) dτ ≥ F k,n
i,j,o

}
,

and the start time is

Sk,n
i,j,o := inf{t ≥ 0 | rk,ni,j,o(t) > 0}.

A continuous-time execution is feasible if it satisfies:
(i) Link capacity constraints (for all times). For every link

e ∈ E and time t,∑
k∈K

∑
n∈Nk

∑
(i,j,o)∈Sk,n

Ik,ni,j,o(e) · r
k,n
i,j,o(t) ≤ Ce. (1)

(ii) Dependency constraints (finish-to-start). For every
precedence edge F k,n

h,l,o′ → F k,n
i,j,o,

Sk,n
i,j,o ≥ Ck,n

h,l,o′ . (2)

(iii) Non-negativity. rk,ni,j,o(t) ≥ 0 for all flows and t.
Objective: average collective completion time. The comple-

tion time of collective k is the time when its last flow finishes:

Tk := max
n∈Nk

max
(i,j,o)∈Sk,n

Ck,n
i,j,o.

Our goal is to minimize the average completion time:

min
1

|K|
∑
k∈K

Tk. (3)

Problem (1)–(3) is a general coupled scheduling and rate-
control problem with precedence constraints. Directly op-
timizing over functions r(·) is intractable at scale, so we
next introduce restricted models that capture the dependency
structure while remaining solvable.

C. Non-Concurrent Scheduling (Optimization-Based)

Our first approach is a non-concurrent restriction: two
flows whose routes overlap are not allowed to transmit at the
same time. This restriction is motivated by the observation
that dependencies can prevent a system from fully utilizing
bandwidth freed mid-execution; in such cases, aggressively
time-sharing a bottleneck link among many flows can delay
the completion of “frontier” flows that unlock successors. Non-
concurrency instead dedicates bottleneck capacity to one flow
at a time, which can reduce idle time induced by precedence
constraints.

1) A single-link dominance property: We start with a basic
structural fact on a single shared link. It formalizes why serial-
ization can be attractive when flows compete on a bottleneck.

Lemma 1. Let F1, . . . , Fm > 0 be flow sizes and
a1, . . . , am > 0 be allocated rates. Then∑m

i=1 Fi∑m
i=1 ai

≤ max
1≤i≤m

Fi

ai
.

Proof. Let M = maxi
Fi

ai
. Then Fi ≤Mai for all i. Summing

gives
∑

i Fi ≤M
∑

i ai, hence the claim.

Theorem 2 (Serialization dominates time-sharing on a single
link). Consider m flows sharing a link e of capacity Ce. Any
feasible concurrent constant-rate allocation assigns rates ai >
0 with

∑
i ai ≤ Ce, yielding completion times ti = Fi/ai.

Order flows so that t1 ≤ t2 ≤ · · · ≤ tm. If we instead transmit
the flows sequentially at full rate Ce in this order, then the
completion time of the i-th completed flow becomes t′i = (F1+
· · ·+ Fi)/Ce, and t′i ≤ ti for all i.

Proof. For any prefix {1, . . . , i}, since
∑i

j=1 aj ≤ Ce,

t′i =

∑i
j=1 Fj

Ce
≤

∑i
j=1 Fj∑i
j=1 aj

≤ max
1≤j≤i

Fj

aj
= ti,

where the second inequality uses Lemma 1 and the last
equality uses the ordering.

Theorem 2 is a local statement (single-link, constant rates),
but it captures a key mechanism: if a link is the dominant
bottleneck and completion-time objectives reward finishing
some flows early (e.g., because they unlock successors), then
serializing contention can reduce dependency-induced slack.

2) Non-concurrent scheduling as a MILP: We next define a
tractable non-concurrent scheduling model that replaces time-
varying rates with flow start times.

Effective flow rate and duration under non-concurrency. If
a flow transmits alone on its path, its end-to-end rate is limited
by the minimum-capacity link on that path. Define

ck,ni,j,o := min
e∈E: Ik,n

i,j,o(e)=1
Ce, durk,ni,j,o :=

F k,n
i,j,o

ck,ni,j,o

.

We introduce a start time variable Sk,n
i,j,o ≥ 0 and set comple-

tion time Ck,n
i,j,o = Sk,n

i,j,o + durk,ni,j,o.
Dependency constraints. For each edge F k,n

h,l,o′ → F k,n
i,j,o,

Sk,n
i,j,o ≥ Sk,n

h,l,o′ + durk,nh,l,o′ . (4)

Conflict pairs. Two flows conflict if their routes share at
least one link. Since dependencies already order flows within
the same group, we only need non-concurrency across different
flow groups. Define

P :=

{
(F k,n

i,j,o, F
k′,n′

h,l,o′)
∣∣ (k, n) ̸= (k′, n′),

∃ e ∈ E s.t. Ik,ni,j,o(e) = I
k′,n′

h,l,o′(e) = 1

}
.



Big-M non-overlap constraints. For each ordered pair
(f, g) ∈ P , introduce a binary variable yf,g ∈ {0, 1} indicating
whether f is scheduled before g. The disjunction

Cf ≤ Sg or Cg ≤ Sf

is encoded by:

Sf + durf ≤ Sg +M(1− yf,g), (5)
Sg + durg ≤ Sf +Myf,g. (6)

Here M is a sufficiently large upper bound on the schedule
horizon (e.g., the sum of all dur’s). If desired, a small guard
time δ > 0 can be incorporated by subtracting δ from the
right-hand side.

Objective linearization. We introduce Tk for each collective
k and enforce:

Tk ≥ Sk,n
i,j,o + durk,ni,j,o, ∀n ∈ Nk, ∀(i, j, o) ∈ Sk,n.

The MILP minimizes the average objective:

min
1

|K|
∑
k∈K

Tk s.t. (4), (5)–(6), and S ≥ 0. (7)

We solve this MILP using MOSEK. While it can deliver strong
completion-time performance, its binary variables scale with
|P|, motivating the concurrent alternatives below.

D. Concurrent Methods: Allocation Without Explicit Schedul-
ing

The remaining methods avoid start-time variables and in-
teger constraints by computing static allocations that can
be applied repeatedly across iterations of training. The key
modeling device is the flow-group abstraction: since at most
one flow is active per group, a group behaves like a single
consumer of bandwidth on each link at any instant.

1) Rate Allocation: Rate Allocation assigns each flow a
constant rate parameter bk,ni,j,o > 0 that will be used when the
flow is eligible. The challenge is to encode link feasibility
without tracking which flow in each group is active over time.

A sufficient (group-based) link feasibility condition. For each
link e and each flow group (k, n) that has at least one flow
traversing e, introduce an auxiliary variable Ek,n

e ≥ 0 and
enforce

Ek,n
e ≥ bk,ni,j,o, ∀(i, j, o) ∈ Sk,n s.t. Ik,ni,j,o(e) = 1. (8)

Let Ge be the set of groups that ever use link e:

Ge :=
{
(k, n)

∣∣∣ ∃ (i, j, o) ∈ Sk,n with Ik,ni,j,o(e) = 1
}
.

We then impose:∑
(k,n)∈Ge

Ek,n
e ≤ Ce, ∀e ∈ E . (9)

Lemma 3 (Safety of group-max link constraints). Consider
any execution that respects dependencies (at most one active
flow per group at any time). If rates satisfy (8)–(9), then the
instantaneous link loads always satisfy (1).

Proof. Fix any link e and time t. For each group (k, n) ∈ Ge,
either no currently-active flow in that group uses e (con-
tributing 0), or exactly one active flow in that group uses e
(because the group is sequential), contributing at most its rate
bk,ni,j,o ≤ Ek,n

e by (8). Therefore, the total instantaneous load
on e is at most

∑
(k,n)∈Ge

Ek,n
e ≤ Ce by (9).

Lemma 3 justifies viewing Ek,n
e as the group’s per-link

reservation that upper-bounds whichever flow from that group
may traverse e when active.

Completion time surrogate via flow groups. Because flows
in a group execute sequentially, the completion time of group
(k, n) under fixed per-flow rates is

τk,n :=
∑

(i,j,o)∈Sk,n

F k,n
i,j,o

bk,ni,j,o

.

A collective completes when its slowest group completes, so
we introduce Tk and enforce

Tk ≥ τk,n, ∀n ∈ Nk.

The Rate Allocation program is:

min
{b,E,T}

1

|K|
∑
k∈K

Tk

s.t. Tk ≥
∑

(i,j,o)∈Sk,n

F k,n
i,j,o

bk,ni,j,o

, ∀k, ∀n ∈ Nk,∑
(k,n)∈Ge

Ek,n
e ≤ Ce, ∀e ∈ E ,

Ek,n
e ≥ bk,ni,j,o whenever Ik,ni,j,o(e) = 1,

bk,ni,j,o > 0 ∀k, n, (i, j, o).

(10)

Lemma 4 (Convexity of Rate Allocation). Problem (10) is a
convex optimization problem.

Proof sketch. For b > 0, the function F/b is convex in b.
Hence each τk,n is convex as a sum of convex terms. The
constraints Tk ≥ τk,n are epigraph constraints of convex
functions and are convex. All remaining constraints are linear.
Therefore the feasible set is convex and the objective is linear,
implying convexity.

In our implementation, we solve (10) using CVXPY
with MOSEK, using standard reciprocal primitives (e.g.,
inv_pos) over positive variables.

2) Weight Allocation (Robust Proportional Sharing): Exact
WAN capacities can vary over time due to cross traffic and
measurement noise. Weight Allocation therefore computes
relative group priorities rather than absolute rates.

Weights and per-link proportional shares. Assign each
group (k, n) a weight wk,n > 0 normalized by∑

k∈K

∑
n∈Nk

wk,n = 1.

On link e, all groups in Ge share Ce proportionally:

sk,ne := Ce ·
wk,n∑

(k′,n′)∈Ge
wk′,n′ , ∀(k, n) ∈ Ge. (11)



A flow’s effective rate is the minimum share along its path:

bk,ni,j,o := min
e: Ik,n

i,j,o(e)=1
sk,ne .

The same group completion surrogate applies: τk,n =
∑

F
b

and Tk ≥ τk,n, with objective (3).
Non-convexity and successive convex approximation. The

expression (11) contains weights in both numerator and de-
nominator, which makes the optimization over {wk,n} non-
convex. We therefore apply an iterative scheme: at iteration t,
we fix the denominator

D(t−1)
e :=

∑
(k′,n′)∈Ge

wk′,n′,(t−1)

and optimize only the numerators, yielding the convex approx-
imation

s̃k,n,(t)e := Ce ·
wk,n,(t)

D
(t−1)
e

.

We solve the resulting convex subproblem, update weights,
evaluate the true objective under (11), and iterate until con-
vergence (Algorithm 1).

Algorithm 1: Iterative Weight Allocation (Successive
Convex Approximation)

Input: Flow groups {Sk,n}, flow sizes F k,n
i,j,o,

capacities Ce, routes Ik,ni,j,o(e), threshold ϵ, max
iterations T .

Output: Weights w and average completion time τ̄ .
1 Initialize w(0) using an inverse-bottleneck heuristic;

normalize so
∑

w(0) = 1;
2 Compute τ̄ (0) under exact proportional sharing (11);
3 for t← 1 to T do
4 Compute D

(t−1)
e =

∑
(k,n)∈Ge

wk,n,(t−1) for all e;
5 Solve convex subproblem with shares

s̃
k,n,(t)
e = Ce · wk,n,(t)/D

(t−1)
e ;

6 Normalize w(t) so
∑

w(t) = 1;
7 Evaluate true τ̄ (t) using exact proportional sharing

(11);
8 if |τ̄ (t) − τ̄ (t−1)| < ϵ then
9 break;

10 return w(t), τ̄ (t);

E. Integrated MultiRing: Coarse Allocation + Fine Scheduling

The non-concurrent MILP can produce strong completion
times but scales poorly with many flow conflicts, while con-
current methods scale but may be conservative. We therefore
propose MULTIRING, which combines a fast inter-collective
allocation with an intra-collective dependency-aware schedule.

Inter-collective allocation: At the inter-collective layer,
each collective k receives a bandwidth budget bk > 0. Let
F k be the total data volume of collective k. Define the set of
collectives that traverse link e:

Ke :=
{
k
∣∣∣ ∃n, (i, j, o) ∈ Sk,n s.t. Ik,ni,j,o(e) = 1

}
.

We compute {bk} by solving:

min
{bk}

1

|K|
∑
k∈K

F k

bk

s.t.
∑
k∈Ke

bk ≤ Ce, ∀e ∈ E ,

bk > 0, ∀k ∈ K.

(12)

This program is convex for the same reason as Lemma 4.
Intra-collective scheduling: Given bk, we schedule flows

within each collective to respect dependencies and miti-
gate intra-collective conflicts. For flow F k,n

i,j,o, define duration
durk,ni,j,o = F k,n

i,j,o/b
k. We then solve, for each k, a per-collective

version of the non-concurrent MILP using: (i) dependency
constraints (4); and (ii) conflict pairs restricted to flows in
the same collective but different groups:

Pk :=

{
(F k,n

i,j,o, F
k,n′

h,l,o′)
∣∣ n ̸= n′,

∃ e ∈ E s.t. Ik,ni,j,o(e) = I
k,n′

h,l,o′(e) = 1

}
.

This decomposition controls MILP size and concentrates
integer decisions where they matter most: within-collective
dependency frontiers.

Greedy alternatives. To obtain millisecond-level runtimes,
we also implement greedy schedulers that repeatedly select
among ready flows (all predecessors completed) while respect-
ing link conflicts, prioritizing either (i) shortest duration or
(ii) largest downstream dependent volume. These heuristics
approximate the intra-collective MILP while preserving de-
pendency awareness.

F. Toy Example: Why Flow Groups Change the Constraints

We conclude with a minimal example that illustrates two
distinct effects: (1) why flow-group modeling avoids allocat-
ing bandwidth to non-eligible dependent flows, and (2) why
serialization can further reduce average completion time by
accelerating dependency frontiers.

A1A2

B1B2

C1:
A1        A2
C2: 
B1        B2

1MB/S

Fig. 3. Toy example with two collectives (A1→A2 and B1→B2) sharing
a bottleneck link e (Ce = 1MB/s). Only the first flows (A1, B1) are eligible
initially; successors become eligible after their predecessors complete.



Setup. See Fig. 3. Consider a single bottleneck link e with
capacity Ce = 1 MB/s. Two collectives k ∈ {1, 2} run
concurrently. Each collective contains one flow group (a chain
of two flows):

Collective 1: A1 → A2, Collective 2: B1 → B2,

where all flows traverse the same link e, and each flow has
size 1 MB. Thus, at time 0, only A1 and B1 are eligible; A2

and B2 are blocked.
Dependency-agnostic per-flow equal sharing (wasted band-

width). A naive per-flow static split among all four flows
gives each flow rate 1/4 MB/s, so eligible flows complete
in 1/(1/4) = 4 s. Only then do A2 and B2 become eligible,
and they also take 4 s. Hence each collective completes in 8
s, and the average completion time is 8 s.

Group-aware concurrent sharing (frontier-aware). A flow-
group-aware allocator recognizes that each group contributes
at most one active flow at any time, so it splits the link across
the two groups, e.g., E1,1

e = E2,1
e = 1/2 MB/s. Now A1 and

B1 complete in 1/(1/2) = 2 s; then A2 and B2 complete in
another 2 s. Each collective completes in 4 s on average—a
2× improvement over 8 s.

Non-concurrent scheduling (accelerating one dependency
chain). Finally, consider a non-concurrent schedule that se-
rializes eligible flows: run A1 at full rate for 1 s, then B1 for
the next 1 s. At t = 1, A2 becomes eligible, but waits while
B1 finishes at t = 2. Then run A2 from t = 2 to t = 3,
and B2 from t = 3 to t = 4. Thus T1 = 3 s and T2 = 4
s, and the average completion time is 3.5 s, which is strictly
better than the concurrent 4 s in this example. The gain comes
from finishing one chain early and immediately unlocking its
successor with full bandwidth.

This toy example mirrors the core motivation of our formu-
lations: with finish-to-start dependencies, the true contention
unit is the flow group (the dependency chain), and accelerating
the dependency frontier (sometimes via serialization) can
reduce end-to-end collective completion time beyond what
dependency-agnostic sharing can achieve.

IV. PERFORMANCE EVALUATION

We are now ready to evaluate the effectiveness and prac-
ticality of our flow-dependency-aware allocation framework
(Sec. III) for wide-area collectives under fixed routing. Our
experiments are designed to answer four questions:
(Q1) Effectiveness: Does explicitly modeling finish-to-start
dependencies (via flow groups) reduce average collective com-
pletion time compared to dependency-agnostic heuristics?
(Q2) Scalability and robustness: How do the proposed
methods behave as we increase (i) the number of concurrent
collectives and (ii) WAN heterogeneity/topology size?
(Q3) Competitiveness: How does dependency-aware fixed-
path allocation compare against TE-CCL [6], a routing-centric
traffic-engineering scheduler?
(Q4) Practicality: Do the simulation trends persist under
emulation with real protocol stacks and runtime variability
(Nextmini [10])?

A. Metric and Evaluation Methodology

Primary metric (objective-consistent). We report the average
collective completion time, which matches the objective in
Eq. (3). Let Tk denote the completion time of collective k (the
finish time of its last flow; see Sec. III). For an experiment
instance with K concurrent collectives, we report

T̄ :=
1

K

K∑
k=1

Tk. (13)

When a plot contains multiple operating points (e.g., varying
K), each point is computed by instantiating the corresponding
traffic set and solving/allocating using the specified method.
Execution model in simulation. All methods are evaluated
under the same dependency-respecting execution semantics:
within each flow group (Sec. II), at most one flow is eligible
(ready) at a time. Given an allocation outcome (static rates,
weights, or a schedule), we compute Tk by simulating the
induced transmission process with finish-to-start precedence
constraints. Concretely, we maintain the set of ready flows
(those whose predecessors are complete), advance time to the
next flow completion event under the method’s rate rule, then
unlock successors. This event-driven procedure implements
the continuous-time feasibility model in Sec. III while remain-
ing efficient.
Why fixed routing matters. A central goal of this paper is to
isolate the effect of dependency-aware rate allocation beyond
routing (Sec. II). Unless explicitly stated (TE-CCL compari-
son), all schemes operate on the same pre-determined paths, so
improvements are attributable to better allocation/scheduling
under dependencies rather than to route changes.

B. Workloads, Topologies, and Instance Generation

WAN topologies (Topology Zoo). Our Python simulation uses
six WAN-like topologies from Topology Zoo [11]: Abilene (11
nodes), Cesnet (10), Gblnet (8), HiberniaIreland (8), Napnet
(6), and Arpanet (4). We treat each undirected WAN link as
two directed links of identical capacity for routing/allocation.
Ring-AllReduce traffic with dependencies. Each collective
instance models Ring-AllReduce (RAR) communication, as
motivated in Sec. II. We instantiate the set of unicast transfers
implied by RAR and attach the corresponding finish-to-start
dependencies, then coarsen these precedence relations into
flow groups (dependency chains). This flow-group abstraction
is exactly the unit used by our formulations in Sec. III.
Flow sizes, capacities, and fixed routing. To reflect WAN
heterogeneity while retaining controlled comparisons, we gen-
erate: (i) flow sizes i.i.d. from a normal distribution with
mean 5 MB and standard deviation 2.5 MB (truncated to
remain positive), and (ii) link capacities i.i.d. from a normal
distribution with mean 22.5 MB/s and standard deviation
2.5 MB/s (truncated to remain positive). Each unicast flow
is routed on a shortest path in the WAN topology, yielding a
fixed indicator Ik,ni,j,o(e) (Sec. III). Unless stated otherwise, all
compared methods operate on these same fixed routes.



Concurrency and stress testing. To study the effect of
contention, we vary the number of concurrent collectives K.
On Abilene, we sweep K from 2 to 8 (Fig. 4) to create
progressively heavier overlap on bottleneck links. We also
evaluate across multiple topologies of different sizes (Fig. 5)
to test robustness to structural differences.

C. Compared Schemes

We compare three classes of schemes.
Proposed dependency-aware schemes.

• RATEALLOC (Sec. III-D1): solves the convex program
in Eq. (10) to assign per-flow rates bk,ni,j,o while enforcing
group-max link reservations that are provably safe under
dependencies (Lemma 3).

• WEIGHTALLOC (Sec. III-D2): computes per-group
weights wk,n for proportional sharing, targeting robust-
ness to WAN capacity variability.

• MULTIRING (Sec. III): integrates a coarse inter-
collective allocation with a dependency-aware intra-
collective scheduler, bridging scalability and fidelity.

Dependency-agnostic and lightweight heuristics. We in-
clude widely used baselines that either ignore dependencies
or incorporate them only indirectly:

• OutofOrder: equal sharing at the flow level without
dependency awareness. Rates are computed as if all
flows can compete simultaneously; blocked flows there-
fore induce implicit underutilization because reserved
bandwidth cannot be used by ready flows (Sec. II).

• EqualAlloc: equal sharing at the flow-group level, serving
as a group-aware baseline that does not optimize for T̄ .

• DataAware: allocates at the flow-group level proportional
to group data volume, capturing the intuition that larger
groups should receive more bandwidth.

• Barrier-Aware [9]: a synchronization-aware baseline that
accounts for barrier-style completion semantics but does
not model intra-collective finish-to-start dependencies.

Routing-centric TE baseline. TE-CCL [6] jointly optimizes
routing and bandwidth via a multi-commodity flow formu-
lation over discretized time epochs. We compare against both
TECCL-fast and TECCL-slow variants as described in the TE-
CCL paper (Sec. IV-E).

D. Simulation Results on WAN Topologies

1) Impact of dependency awareness under increasing con-
currency (Abilene): Fig. 4 reports T̄ on Abilene while in-
creasing the number of concurrent RAR collectives K. Two
consistent trends emerge.
(1) Dependency-agnostic flow-level allocation degrades
quickly with K. As K grows, the number of flows that exist
(and thus are counted by flow-level equal sharing) increases,
but the number of flows that are ready at a given time increases
far more slowly due to precedence constraints. Consequently,
methods like OutofOrder tend to reserve bandwidth for flows
that cannot transmit yet, reducing the instantaneous service
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Fig. 4. Abilene (11-node) topology: average collective completion time T̄ for
multiple approaches under increasing numbers of concurrent collectives K.

rate of the dependency frontier. This creates two compound-
ing effects: (a) slower completion of the frontier flows, and
(b) delayed unlocking of successors, both of which directly
increase T̄ .
(2) Modeling flow groups converts wasted reservations into
useful throughput. In contrast, RATEALLOC and WEIGH-
TALLOC explicitly treat each flow group as contributing at
most one active flow at a time. By enforcing feasibility at the
level of group-max reservations (Eq. (9)) or proportional group
shares (Eq. (11)), these methods allocate bandwidth to units
that can actually contend. The improvement is most visible at
higher K, where dependency-induced blocking is pervasive,
and where any suboptimal allocation of scarce WAN capacity
has amplified impact on completion time.
Where simple group-aware baselines fall short. Group-
aware heuristics such as EqualAlloc and DataAware already
avoid the most severe form of “bandwidth to blocked flows”
waste, but remain noticeably behind the optimization-based
schemes. Intuitively, equal or size-proportional splitting is
not aligned with minimizing T̄ when contention is multi-
link and heterogeneous: the globally critical groups are those
whose end-to-end rate is constrained by shared bottlenecks and
whose completion gates the collective makespan. RATEALLOC
optimizes precisely for this objective by directly minimizing an
epigraph form of the sum of per-group reciprocals (Eq. (10)).

2) Robustness across topologies (Topology Zoo): Fig. 5
evaluates the same methods across five additional WAN
topologies. The key observation is that the gains from
dependency-aware allocation persist across: (i) different node
counts (from 4 to 10), (ii) different path overlap patterns
(which affect the conflict structure Ge), and (iii) heterogeneous
bottleneck placements.

This consistency supports the main thesis of the paper:
the benefit does not rely on a particular “nice” topology;
rather, it derives from correcting a modeling mismatch that
appears whenever (a) flows are precedence-constrained and
(b) capacity is scarce enough that allocating to non-ready
flows is costly. Notably, WEIGHTALLOC remains competitive
across topologies, suggesting that proportional weight-based
control can deliver robust performance even when absolute
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Fig. 5. Average completion time T̄ across five additional Topology Zoo
WAN topologies of different sizes and structures (Arpanet, Cesnet, Gblnet,
HiberniaIreland, Napnet).
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Fig. 6. Comparison against TECCL-fast on Abilene for different collective
sizes. Bars show MULTIRING, RATEALLOC, WEIGHTALLOC, and TECCL-
fast. The y-axis is log-scaled average completion time.

bandwidth varies—a central design goal for WAN deployment
(Sec. III-D2).

E. Comparison with TE-CCL

TE-CCL [6] represents a complementary point in the de-
sign space: it uses a traffic-engineering formulation that can
jointly choose routes and schedule transmission over time
epochs. This section evaluates whether explicitly modeling
flow dependencies under fixed paths can match or exceed the
completion-time benefits of routing-centric optimization, and
clarifies when each approach is advantageous.
Experimental setup. We evaluate on the Abilene topology
while varying the collective size (i.e., scaling the amount
of traffic carried by the collective), keeping the topology
and contention structure fixed. We compare against both
TECCL-fast and TECCL-slow, which differ in their epoch
durations: TECCL-fast uses a finer epoch (fastest-link chunk
time) enabling tighter pipelining but introducing more con-
straints, whereas TECCL-slow uses a coarser epoch (slowest-
link chunk time) that is cheaper to solve but less expressive.
Results and interpretation. Across the tested size range,
Figs. 6 and 7 show that our dependency-aware allocations
remain competitive with, and often outperform, both TECCL
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Fig. 7. Comparison against TECCL-slow on Abilene for different collective
sizes. Bars show MULTIRING, RATEALLOC, WEIGHTALLOC, and TECCL-
slow. The y-axis is log-scaled average completion time.

variants. Two mechanisms explain why this can occur even
though TE-CCL has greater freedom through routing.
(1) Dependency modeling is orthogonal to routing. TE-CCL’s
formulation focuses on bandwidth feasibility across time and
paths but does not, by itself, encode the fine-grained finish-to-
start semantics of RAR as flow-group precedence constraints.
When dependency frontiers dominate the makespan, allocat-
ing bandwidth to ineligible transfers (or failing to prioritize
unlock-critical transfers) can negate the advantage of improved
routing. Our methods directly target this frontier effect by
constraining contention at the flow-group level (Lemma 3) and
by minimizing an objective consistent with Eq. (3).
(2) Epoch discretization can introduce scheduling slack.
TECCL-slow, in particular, operates on coarse epochs; such
discretization can force allocations to remain constant over an
epoch even when dependency frontiers advance within that
time window, which effectively delays reallocation to newly
ready transfers. This phenomenon becomes more pronounced
as collective size grows and the number of dependency steps
increases. Our convex programs operate in continuous time at
the level of static parameters (rates or weights) and therefore
avoid epoch-induced rigidity.

Overall, these results suggest that explicitly modeling
dependencies is a powerful and largely independent lever
from routing-centric TE optimization: even with fixed paths,
dependency-aware allocation can translate WAN bandwidth
into lower end-to-end collective completion time.

F. Emulation Results on Nextmini

Simulation results isolate the algorithmic effect under con-
trolled models; we next validate that the same trends hold
under a realistic execution environment with OS scheduling
and protocol overhead.
Testbed and workload. We use Nextmini [10], a Rust-
based network emulation platform that enforces bandwidth
constraints while measuring flow-level behavior. We employ
Nextmini’s namespace mode, where a single host process
spawns all nodes as lightweight Linux network namespaces
connected via virtual Ethernet (veth) pairs. This eliminates
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Fig. 8. Nextmini emulation: mean average collective completion time for
seven approaches on four synthetic ring topologies (10–40 nodes). Each
configuration is repeated 5 times; error bars show the standard deviation across
runs.

per-node container overhead and image management, signif-
icantly reducing startup latency and resource consumption
while preserving the same flow-level semantics and bandwidth
enforcement. The controller and database continue to run in
Docker, while the dataplane nodes operate directly on the
host. We synthesize ring topologies with 10, 20, 30, and 40
nodes and run RAR-like traffic with dependencies matching
Sec. II. Because emulation outcomes can vary due to host and
namespace effects, we repeat each configuration five times and
report the mean and standard deviation.
Results. Fig. 8 shows that dependency-aware allocation re-
duces completion time not only in the simulator but also when
executing real traffic over an emulated WAN. Importantly,
the gap relative to dependency-agnostic baselines persists
despite run-to-run noise, indicating that the improvement is
not a brittle artifact of idealized assumptions. This aligns
with the paper’s deployment motivation: in WAN settings
where available bandwidth and contention can fluctuate, the
dominant inefficiency is often structural (allocating to non-
ready dependent flows), and correcting that structure yields
robust gains.
Summary. Across multiple Topology Zoo WAN graphs, in-
creasing concurrency levels, comparisons to TE-CCL, and
Nextmini emulation, the results consistently support the same
conclusion: explicitly accounting for finish-to-start flow depen-
dencies is critical for converting scarce WAN bandwidth into
lower end-to-end collective completion time. Our optimization-
based dependency-aware methods reduce wasted capacity
allocated to blocked flows, prioritize dependency frontiers,
and remain competitive against state-of-the-art routing-centric
schedulers in the evaluated settings.

V. RELATED WORK

Our work lies at the intersection of 1 collective communi-
cation optimization for distributed machine learning and 2
network-side resource allocation and scheduling. A central
theme that distinguishes our approach from related work is the
explicit modeling of finish-to-start dependencies among uni-

cast transfers inside a collective, captured via the flow-group
abstraction and enforced in our optimization formulation.

Collective communication libraries and algorithm syn-
thesis. Widely used libraries such as NCCL [12] implement
Ring-AllReduce and related primitives with carefully engi-
neered pipelines, but are typically optimized for homogeneous
and high-bandwidth intra-datacenter environments. A large
body of work improves performance by changing the collective
algorithm or its execution topology. Blink [13], for example,
is reported to improve synchronization by probing available
bandwidth and constructing communication structures that
better exploit heterogeneous links, addressing scenarios where
a single slow link throttles throughput. TACCL [5] synthesizes
collectives tailored to a given topology and is reported to
outperform standard implementations by generating communi-
cation schedules that better match hardware constraints. These
approaches primarily operate at the library level by changing
which transfers occur (or their logical ordering/topology) to
improve utilization. Our work is complementary: we do not
redesign the collective algorithm or require replacing NCCL-
like implementations. Instead, we assume that the set of
transfers and their routes are determined (e.g., by a chosen
collective algorithm and a routing layer) and optimize how
bandwidth is shared among the resulting dependent transfers
under WAN capacity constraints. This design is motivated by
multi-datacenter training settings, where routing and policy
constraints may be fixed, and where respecting dependency
readiness is critical to avoid allocating bandwidth to non-
eligible flows (Sec. II).

Routing-centric traffic engineering for collectives. TE-
CCL [6] takes a traffic-engineering perspective and formulates
collective communication as a (time-discretized) optimization
problem that jointly selects paths and bandwidth shares, treat-
ing collective traffic as commodities in a multi-commodity
flow framework. This approach is powerful when routing
flexibility is available and when time-epoch constraints capture
the execution semantics. Our work differs along two axes.
First, we focus on the fixed-route regime, isolating a deploy-
able control knob: rate allocation/scheduling beyond routing.
Second, we incorporate intra-collective finish-to-start depen-
dencies induced by Ring-AllReduce by modeling sequential
chains as flow groups and enforcing dependency-respecting
feasibility.

End-host congestion control and decentralized prioriti-
zation. Another line of work improves collective performance
without centralized optimization by modifying congestion con-
trol or end-host behavior. MLTCP [14], for instance, augments
TCP to reduce the impact of bursty collective traffic by
adjusting sending behavior based on progress toward com-
pletion, inducing an implicit scheduling effect among flows.
Our approach targets a different deployment point. Rather than
modifying congestion-control dynamics, we assume a central-
ized controller computes dependency-aware allocations (rates
or weights) and reuses them across iterations for recurring
communication patterns.

Coflow scheduling, barrier-aware allocation, and job-



level abstractions. From a networking viewpoint, a collective
can be interpreted as a structured set of related flows with
a shared completion objective, which is closely connected
to the coflow abstraction [8]. Prior work on coflows studies
scheduling and bandwidth allocation to minimize coflow com-
pletion time (CCT) or job completion time (JCT), typically
in datacenter fabrics. Varys [15] proposes an offline coflow
scheduler that exploits knowledge of coflow sizes, while
Aalo [16] develops an online approach that approximates
shortest-job-first behavior under uncertainty. Utility-based for-
mulations have also been explored; for example, Chen et
al. [7] study objectives based on fairness/utility (e.g., max-min
style utilities) to balance competing coflows. Barrier-aware
allocation [9] is particularly relevant because it recognizes
synchronization effects: a stage (or job phase) cannot complete
until all its constituent transfers complete.

WAN traffic engineering systems. Classical WAN TE
systems such as B4 [17] and SWAN [18] use centralized
controllers to compute bandwidth allocations (and some-
times routes) under link-capacity constraints, achieving high
utilization and predictable performance, and typically treat
each traffic class as continuously backlogged demand. Our
formulation is inspired by this TE viewpoint but differs in
workload semantics and objective: collective communication
traffic is structured by precedence constraints and is evaluated
by completion-time metrics rather than steady-state throughput
alone. Allocating capacity to non-ready dependent transfers
does not accelerate completion and can delay the dependency
frontier; by explicitly incorporating these constraints, our work
bridges TE-style capacity modeling with collective-specific se-
mantics. In contrast to prior work that 1 redesigns collectives,
2 jointly optimizes routing and bandwidth without model-

ing fine-grained precedence, or 3 schedules at coflow/stage
granularity, we focus on dependency-aware allocation under
fixed routes, treating the dependency chain as the fundamental
contention unit (flow groups) to enable completion-time-driven
optimization for WAN-based multi-datacenter training.

VI. CONCLUDING REMARKS

Wide-area distributed training is common, yet WAN col-
lective communication remains difficult to optimize because
it combines stringent capacity constraints with algorithm-
imposed execution semantics. Widely deployed collectives
such as Ring-AllReduce are not well modeled as schedu-
lable flows: their transfers exhibit finish-to-start precedence
constraints, inducing sequential dependency chains. Ignoring
these constraints can allocate capacity to flows that are not
yet eligible, slowing the dependency frontier that governs
completion time. To address this mismatch, we introduced a
flow-group abstraction and derived optimization programs and
algorithms that respect per-link capacity and flow readiness.

We showed that, on a shared bottleneck, serialization
can dominate concurrent time-sharing in terms of prefix
completion times, and proposed four practical algorithms
(RATEALLOC, WEIGHTALLOC, MULTIRING, and a non-
concurrent MILP scheduler). Simulations on Topology Zoo

WAN topologies and Nextmini-based emulation confirm that
modeling dependencies consistently reduces average collective
completion time relative to common baselines, with perfor-
mance comparable to or better than TE-CCL.
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